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Each question carries 10 marks. The maximum you can score is 40.
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(1) (i) Let f be an entire function with the property that <f is
bounded, where <f is the real part of f . Show that f is
constant

(ii) Let f be an entire function with the property that
|f(z)| ≥ 1 for all z ∈ C. Show that f is a constant function.

(2) (i) Find a conformal map from D onto itself with f(0) = 0
and f(1

2
) = i

2
.

(ii) Let g : Dr(a) → DR(g(a)) be a holomorphic function.
Prove that

|g(z + a)− g(a)| ≤ R

r
|z| for all z ∈ Dr(a).

(3) Find a one to one conformal map of the semi-disc
{z ∈ C : =z > 0, |z − 1

2
| < 1

2
} onto the upper half plane,

=z is the imaginary part of z.
(4) Let Ω be a connected open set in C and assume that Ω0 ⊆ Ω

has at least one point of accumulation in Ω. Let {fn}n≥1 be
a sequence of functions holomorphic on Ω which is uniformly
bounded on any compact subset of Ω. Suppose that {fn(ω)}n≥1

converges for all ω ∈ Ω0 as n → ∞. Then {fn}n≥1 converges
uniformly on compact subsets of Ω.

(Hint: Recall that if F is a family of holomorphic functions
on Ω with the property that for each compact subset K ⊆ Ω,
there exists MK > 0 such that |f(z)| ≤ MK for all z ∈ K and
for all f ∈ F then F is a normal family.)

(5) Let f : C → C0,1 be analytic and % be a metric on C0,1 of cur-
vature atmost −1, where C0,1 is the set of all complex number
minus {1, 0}.
(a) Show that f ∗(%) ≤ λR on any disc DR, where

λR(z) = 2R
R2−|z|2 is the Poincare metric of the disc DR.

(b) Show that f ∗(%) = 0.
(c) Derive Picard’s little theorem.
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